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দຊ ௚໵ ࢦಋڭһɿӓా ؽ
1 ͸͡Ίʹ
ྔࢠଌఆͷதͰ࠷΋ޡΓ཰͕খ͘͞ͳΔଌఆͷ͜ͱΛྔࢠ࠷
దଌఆͱݺͼɼͦͷྔࢠ࠷దଌఆʹΑΔޡΓ཰ͷฏۉͷ͜ͱΛ
࠷খޡΓ཰ͱݺͿɽ࠷খޡΓ཰Λܭࢉ͢Δ͜ͱ͸ɼྔࢠ௨৴ʹ
͓͚Δݶքੑೳͷௐࠪ΍ྔࢠ҉߸ͷ҆શධՁΛߦ͏্ͰॏཁͰ
͋Δɽ͔͠͠ɼ࠷খޡΓ཰ͷܭࢉ͸ղੳղ͕໌Β͔Ͱͳ͍৔߹
΍ɼԾʹղੳղ͕໌Β͔ʹͳ͍ͬͯΔ৔߹Ͱ΋ɼ৴߸਺͕ଟ͍৔
߹ͷܭࢉྔͷ໰୊ͳͲ͔Βࠔ೉Ͱ͋Δ͜ͱ͕ଟ͍ͱ͞Ε͍ͯΔɽ
ͦͷͨΊܭࢉ͕؆୯ͳۙࣅࣜʹ͍ͭͯߟ͑Δ͜ͱ͕ॏཁͱͳͬ
ͯ͘Δɽͦ͜ͰɼࢲͨͪͷݚڀάϧʔϓͰ͸τϨʔεڑ཭ͱݺ
͹ΕΔ 2 ͭͷྔࢠঢ়ଶͷۙ͞ΛଌΔࢦඪΛ༻͍ͨ࠷খޡΓ཰ͷ
ۙࣅࣜΛఏҊͨ͠ [1, 2]ɽ͜ͷۙࣅࣜ͸͍͔ͭ͘ͷྔࢠঢ়ଶʹ͓
͍ͯɼޡΓ཰͕খ͍͞৔߹ʹਫ਼౓͕Α͍͜ͱ͕਺஋తʹࣔ͞Ε
͍ͯΔɽઌߦݚڀͰ͸͜ͷۙࣅࣜʹ͍ͭͯɼͦͷۙࣅਫ਼౓ͱۙ
ࣅ஋ͱͷൺ͕ɼޡΓ཰͕খ͘͞ͳΔʹ͕ͨͬͯ͠ಛఆͷ஋΁ऩ
ଋ͍ͯ͘͜͠ͱΛ਺஋తʹ໌Β͔ʹ͍ͯͨ͠ɽ
ຊݚڀͰ͸͜ͷۙࣅࣜΛΑΓ࣮༻తͳ΋ͷʹ͢Δ͜ͱΛ໨
ඪͱͯ͠ɼཧ࿦తͳਫ਼౓ͷอূʹඞཁͱͳΔಛੑΛେ͖͘Θ
͚ͯ 2 ͭ໌Β͔ʹͨ͠ɽຊཁࢫͰ͸ͦͷ͏ͪͷҰͭͰ͋Δ
ʮ PSK(Phase-shift-keying) ίώʔϨϯτঢ়ଶ৴߸Ͱͷಛఆͷ
஋΁ऩଋ͢ΔݪҼͷཧ࿦తূ໌ ʯʹ͍ͭͯͷઆ໌Λߦ͏ɽ
2 ࠷খޡΓ཰ͷۙࣅࣜ
ຊষͰ͸ɼௐࠪͷର৅ͱ͍ͯ͠Δจݙ [1, 2]ͰఏҊ͞Ε͍ͯΔ
ۙࣅࣜʹ͍ͭͯɼߏ੒ํ๏ͷઆ໌Λߦ͏ɽҎԼͷઆ໌Ͱ͸ɼM
ݩྔࢠঢ়ଶ৴߸ͷઌݧ֬཰Λ౳֬཰ͱԾఆ͍ͯ͠Δɽ
2.1 ۙ઀ 2৴߸
M ݩྔࢠঢ়ଶ৴߸
{
ρk
∣∣ k = 0, . . . ,M − 1} ʹ͍ͭͯɼҎԼ
ͷ৚݅Λຬͨ͢ྔࢠঢ়ଶ৴߸ ρj , ρl Λɼۙ઀ 2 ৴߸ͱݺͿɽ͜
͜Ͱ D ͸ 2৴߸ؒͷτϨʔεڑ཭Λද͢ɽ
D(ρj , ρl) ≤ D(ρj′ , ρl′), ∀j′, l′ (j′ = l′) (1)
M ݩ৴߸ͷதͰτϨʔεڑ཭Λ༻͍ͯ۠ผ͞ΕΔۙ઀ 2৴߸ͷ
࠷খޡΓ཰Λ P binarye ͱද͠ɼҎԼͷࣜͰ༩͑ΒΕΔɽ
P binarye =
1
2
{1−D(ρ0, ρ1)} (2)
2.2 ۙ઀৴߸ͷฏۉ਺
͋Δྔࢠঢ়ଶ৴߸ ρk ʹ͍ͭͯɼҎԼͷ৚݅Λຬͨ͢Dmin(ρk)
Λ ρk ͷ࠷খτϨʔεڑ཭ͱ͢Δɽ͜ͷͱ͖ D(ρk, ρj)=
Dmin(ρk)ͱͳΔ ρj Λ ρk ͷۙ઀৴߸ͱݺͿɽ
Dmin(ρk) = min
j =k
D(ρk, ρj) (3)
ρj ͷۙ઀৴߸ͷ਺Λ
N(k) = #
{
ρj
∣∣D(ρk, ρj) = Dmin(ρk)} (4)
ͱද͢ɽ͜͜Ͱɼ#S ͸ɼू߹ S ͷཁૉ਺Λҙຯ͢Δɽۙ઀৴
߸ͷฏۉ਺͸ɼҎԼͷΑ͏ʹఆٛ͞ΕΔɽ
〈N〉 = 1
M
M−1∑
k=0
N(k) (5)
2.3 ࠷খޡΓ཰ͷۙࣅࣜ
P binarye ͱ 〈N〉Λ༻͍ͯɼM ݩྔࢠঢ়ଶ৴߸ͷ࠷খޡΓ཰ͷ
ۙࣅࣜ P approxe ͸ҎԼͷΑ͏ʹఏҊ͞Ε͍ͯΔɽ
P approxe = 〈N〉P binarye (6)
2.4 ن֨Խۙࣅਫ਼౓
͜ͷۙࣅ͕ࣜਅ஋ʹରͯ͠Ͳͷఔ౓Α͍ۙࣅͳͷ͔Λௐ΂Δ
ʹ͋ͨΓɼจݙ [1, 2]Ͱ͸ҎԼͷΑ͏ͳن֨Խۙࣅਫ਼౓Λ༻͍ͯ
͍Δɽ͜͜Ͱ P opte ͸M ݩྔࢠঢ়ଶ৴߸ͷਅ஋Λද͢ɽ
NA =
∣∣∣∣1− P approxeP opte
∣∣∣∣ (7)
͜ͷن֨Խۙࣅਫ਼౓͸ɼ஋͕খ͍͞΄Ͳਫ਼౓͕ྑ͍͜ͱΛࣔ͠ɼ
NA = 0ͱͳΔͱ͖ɼP approxe = P
opt
e Ͱ͋Δ͜ͱΛද͢ɽຊݚ
ڀʹ͓͍ͯ΋ɼ͜ΕΛۙࣅࣜͷਫ਼౓ͱͯ͠༻͍Δɽ
·ͨɼઌߦݚڀʹ͓͍ͯ͜ͷۙࣅਫ਼౓ͱۙࣅ஋ͱͷൺ͕ޡΓ
཰͕খ͘͞ͳΔʹͭΕͯ 9/8 ΁ऩଋ͢Δͱ͍͏݁Ռ͕ಘΒΕͯ
͍ΔɽຊݚڀͰ͸͜ͷ 9/8 ͱ͍͏஋΁ऩଋ͢Δཧ༝Λ໌Β͔ʹ
͠ɼͦΕΛূ໌͢Δɽ
3 9/8΁ऩଋ͢Δཧ༝
9/8 ͱ͍͏਺ࣈʹऩଋ͢Δͷ͸ 2 ͭͷࠩͷ߹ܭʹΑΔ΋ͷͰ
͋ͬͨɽਅ஋͔Βۙࣅ஋΁ͷࠩͱͯ͠ɼҰͭ໨ʹ͸ଟݩ৴߸ʹ
͓͚Δશ৴߸΁ͷޡΓ཰ͱɼଟݩ৴߸ͷதͷ 2 ৴߸ͷΈΛߟ͑
ͨ৔߹ͷޡΓ཰ͱͷ͕ࠩ͋͛ΒΕΔɽೋͭ໨ͱͯ͠͸ଟݩ৴߸
ͷதͷ 2 ৴߸ͷޡΓ཰ͱɼ2 ৴߸ͷΈΛߟ͑ͨ৔߹ͷ 2 ৴߸ͷ
ޡΓ཰ͱͷࠩͰ͋ΔɽຊݚڀͰ͸͜ΕΒͷࠩΛͦΕͧΕ “ݹయ
తͳࠩ”ͱ “ྔࢠతͳࠩ”ͱݺͼূ໌Λߦ͏ɽ
3.1 ݹయతͳࠩͷূ໌
·ͣ࠷ॳʹݹయతͳࠩͷূ໌͔Βߦ͏ɽ͜ͷࠩ͸ݹయతͳ৴
߸ͷ৔߹ʹ͸ྑ͍ۙࣅͱͳΔ͜ͱ͕ଟ͍͜ͱ͔Β͜ͷΑ͏ͳݺ
ͼํΛ͢Δ΋ͷͱ͢Δɽ࠷খޡΓ཰ͷਅ஋͸ଟݩ৴߸ͷͦΕͧ
Εͷ৴߸΁ͷޡΓ֬཰ͷ૯࿨Ͱ͋ΔͨΊɼҎԼͷΑ͏ʹද͢͜
ͱ͕Ͱ͖Δɽ
P opte =
M−1∑
i=0
1
M
∑
j =i
P (j|i) (8)
͜Ε͸ PSK৴߸ͷ৔߹ҎԼͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɽ
M−1∑
j=1
P (j|0) (9)
͜͜Ͱ P (1|0) = P (M − 1|0) = ε ͱ͓͖ɼP (2|0) = P (M −
2|0) ≈ ( 12ε)2ɼP (3|0) = P (M − 3|0) = O(ε3)ͩͱԾఆ͢Δͱɼ
P (3|0)Ҏ߱ʹ͍ͭͯ͸े෼ʹখ͍͞ͱߟ͑Δ͜ͱ͕Ͱ͖ΔͨΊɼ
ҎԼͷΑ͏ͳؔ܎Ͱද͢͜ͱ͕Ͱ͖Δɽ
P opte = P (1|0) + P (2|0) + · · ·+ P (M − 1|0)
≈ ε+
(
1
2
ε
)2
+ · · ·+
(
1
2
ε
)2
+ ε
= 2ε+
1
2
ε2 +O(ε3) (10)
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͜͜Ͱ PAe = 2P (1|0)ͱ͢ΔͱҎԼͷΑ͏ͳؔ܎͕੒Γཱͭɽ
P opte − PAe
PAe
/PAe ≈
1
8
(11)
͜͜ͰݱΕΔ 1/8 ͕Ұͭ໨ͷࠩͰ͋ΔݹయతͳࠩͰ͋Δɽ࣮
ࡍʹ͜ͷ͕ࣜ੒Γཱͭ͜ͱΛূ໌͢Δʹ͸ P (2|0) = P (M −
2|0) ≈ ( 12ε)2 Λূ໌͢Δඞཁ͕͋Δͷ͕ͩɼࢴ໘ͷ౎߹্͜͜
Ͱ͸লུ͢Δɽ
3.2 ྔࢠతͳࠩͷূ໌
࣍ʹྔࢠతͳࠩͷূ໌Λߦ͏ɽྔࢠతͳࠩ͸ଟݩ৴߸Ͱݟͨ
৔߹ͷ 2৴߸ͷޡΓ཰ͱ 2৴߸ͷΈΛߟ͑ͨ৔߹ͷ 2৴߸ͷޡ
Γ཰ͱͷࠩͰ͋ΓɼͦΕͧΕ PAe ͱ P
approx
e Ͱ͋Δɽ͜ͷࣜͷ
ূ໌Λ͢ΔͨΊʹ·ͣ͸ PAe ʹ͍ͭͯߟ͍͑ͯ͘ɽP
A
e ͸ PSK
৴߸ʹ͓͚Δۙ઀৴߸ͱͷ 2 ৴߸ͷޡΓ཰Ͱ͋ΔͨΊҎԼͷΑ
͏ʹද͢͜ͱ͕Ͱ͖Δɽ
PAe = 2P (1|0) = 2
∣∣∣∣∣∣
1
M
M−1∑
k=0
e−i
2πk
M
√√√√M−1∑
l=0
ei
2πkl
M κl
∣∣∣∣∣∣
2
(12)
͜͜Ͱ i =
√−1Ͱ͋Δɽ͜ͷࣜͷฏํࠜͷ಺෦ʹண໨͢ΔͱҎ
ԼͷΑ͏ʹۙࣅ͢Δ͜ͱ͕Ͱ͖Δɽ
√√√√M−1∑
l=0
ei
2πkl
M κl ≈
√
1 + 2κ cos
2πk
M
(13)
͜ͷͱ͖ κ = e−NS{1−cos(2π/M)} Ͱ͋Γ NS ͸ฏۉޫࢠ਺Ͱ͋
Δɽ͜͜Ͱ͜ͷۙࣅͨࣜ͠ʹ͍ͭͯແݶ࣍ͷϚΫϩʔϦϯల։
Λߦ͏ͱҎԼͷΑ͏ʹల։Ͱ͖Δɽ
√
1 + 2κ cos
2πk
M
=
∞∑
l=0
1
l!
{
l−1∏
m=0
(
1
2
−m
)}
2l cosl
[
2πk
M
]
κl
(14)
͜͜Ͱɼl − 1 < 0ͷͱ͖ɼ∏l−1m=0 xm = 1ͱߟ͑ΒΕΔɽΑͬ
ͯࣜͷઈର஋ͷத਎͸܎਺Λͷͧ͘ͱҎԼͷΑ͏ʹද͞ΒΕΔɽ
M−1∑
k=0
e−i
2πk
M
√√√√M−1∑
l=0
ei
2πkl
M κl
≈
∞∑
l=0
2l
l!
{
l−1∏
m=0
(
1
2
−m
)}M−1∑
k=0
e−i
2πk
M cosl
[
2πk
M
]
κl (15)
·ͨɼ͜ͷͱ͖ l ͷ஋Ͱ৔߹෼͚ͯ͠
∑M−1
k=0 e
−i 2πkM cosl
[
2πk
M
]
Λܭࢉ͢ΔͱҎԼͷΑ͏ʹͳΔɽ
M−1∑
k=0
e−i
2πk
M cosl
(
2πk
M
)
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0, l͕ۮ਺ͷͱ͖
1
2l
(
l
l−1
2
)
M, l͕ح਺ͷͱ͖
(16)
͜ͷมܗΛར༻͢Δ͜ͱͰࣜ (15)͸ҎԼͷΑ͏ʹද͞ΒΕΔɽ
∞∑
l=1(ح਺)
2l
l!
{
l−1∏
m=0
(
1
2
−m
)}
1
2l
(
l
l−1
2
)
Mκl (17)
͜͜Ͱ κl ͕ 3 ࣍ͷ߲·Ͱల։͢Δɼ͜ͷͱ͖ κl ͷ 5࣍Ҏ߱ͷ
߲ʹ͍ͭͯ͸े෼ʹখ͍͞΋ͷͱͯ͠ߟ͑Δɽ
M
{ 1
1!
{
1−1∏
m=0
(
1
2
−m)
}(
1
1−1
2
)
κ1
+
1
3!
{
3−1∏
m=0
(
1
2
−m)
}(
3
3−1
2
)
κ3
}
=
M
2
(
1 +
3
8
κ2
)
κ (18)
͜ͷ͜ͱ͔Β࠷ऴతͳ PAe ͸ҎԼͷΑ͏ʹද͞ΒΕΔɽ
PAe ≈
1
M2
∣∣∣∣M2
{
5
(
1− 1
8
κ2
)
− 4
(
1− 1
4
κ2
)}
κ
∣∣∣∣
2
=
1
4
(
1 +
3
8
κ2
)2
κ2 (19)
·ͨτϨʔεڑ཭Λ༻͍ͨ 2 ৴߸ͷޡΓ཰Λ༻͍ͯܭࢉΛ͢Δ
ͱ P approxe = 1 −
√
1− κ2 ͱͳΔɽ͜ΕΒΛ༻͍ͯൺͷࠩͷࣜ
Λܭࢉ͢ΔͱҎԼͷΑ͏ͳ͕ࣜಘΒΕΔɽ
PAe − P approxe
P approxe
/
P approxe ≈
1
2
(
1 + 38κ
2
)2
κ2 − (1−√1− κ2)
(1−√1− κ2)2
(20)
ຊݚڀͰ͸ޡΓ཰͕ඇৗʹখ͘͞ͳΔ৔߹ɼͭ·Γ͜ͷࣜʹͭ
͍ͯ NS → ∞ ͱͳΔۃݶΛߟ͑Δɽ͜ͷ৔߹ κ → 0 ͱͳΔɽ
͜ΕΛߟྀͯ͠ܭࢉ͢ΔͱҎԼͷࣜͷΑ͏ʹͳΔɽ
lim
κ→0
PAe − P approxe
P approxe
/
P approxe = 1 (21)
Αͬͯྔࢠతͳ͕ࠩ 1 ͱͳΔ͜ͱ͕໌Β͔ʹͳͬͨɽ͜ΕΒ
ͷࠩʹΑͬͯɼݹయతͳࠩ 1/8ͱྔࢠతͳࠩ 1Λ଍͠߹Θͤͨ
9/8ͱ͍͏஋ʹऩଋ͍ͯ͘͜͠ͱ͕ূ໌͞Εͨɽ
4 ͓ΘΓʹ
ຊݚڀͰ͸࠷খޡΓ཰ͷۙࣅࣜʹ͍ͭͯɼͦͷਫ਼౓ͱۙࣅ஋
ͱͷൺͷऩଋઌͷཧ༝Λ໌Β͔ʹ͠ূ໌Λߦͬͨɽ͜ͷࠩ͸ݹ
యతͳࠩͱɼྔࢠతͳࠩͷ 2 छྨͷࠩͷ߹ܭʹΑͬͯ੒Γཱͬ
͍ͯΔ͜ͱΛ໌Β͔ʹͨ͠ɽࠓޙͷ՝୊ͱͯ͠͸ຊݚڀͰ༻͍
ͨ PSK৴߸Ҏ֎ͷ৴߸Ͱͷௐࠪ΍ɼͦΕΒͷ݁Ռ͔Β͜ͷۙࣅ
ࣜͷΑΓҰൠతͳੑ࣭Λ໌Β͔ʹ͢Δ͜ͱͳͲ͕ڍ͛ΒΕΔɽ
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